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Many microorganisms and artificial microswimmers use helical appendages in order to generate
locomotion. Though often rotated so as to produce thrust, some species of bacteria such Spiroplasma,
Rhodobacter sphaeroides and Spirochetes induce movement by deforming a helical-shaped body.
Recently, artificial devices have been created which also generate motion by deforming their helical
body in a non-reciprocal way (Mourran et al. Adv. Mater. 29, 1604825, 2017). Inspired by these
systems, we investigate the transport of a deforming helix within a viscous fluid. Specifically, we
consider a swimmer that maintains a helical centreline and a single handedness while changing its
helix radius, pitch and wavelength uniformly across the body. We first discuss how a deforming
helix can create a non-reciprocal translational and rotational swimming stroke and identify its
principle direction of motion. We then determine the leading-order physics for helices with small
helix radius before considering the general behaviour for different configuration parameters and
how these swimmers can be optimised. Finally, we explore how the presence of walls, gravity, and
defects in the centreline allow the helical device to break symmetries, increase its speed, and generate
transport in directions not available to helices in bulk fluids.
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21. INTRODUCTION
In the early 1950s, GI Taylor offered the first fluid mechanical explanation of how microscopic organisms are able to
swim at low Reynolds number [1]. Since then, decades of close collaborations between experimentalists and theorists
have greatly improved our knowledge of fluid-based motion in the microscopic world [2–5]. We now understand how,
at these small scales, the creation of net movement critically depends on the anisotropy of the viscous drag within
the fluid [6], and requires a non-reciprocal swimming stroke to break the time-reversal symmetry of the underlying
equations of motion [7]. The motion of model cellular swimmers, such as spermatozoa, bacteria, and algae, have been
studied at length in order to characterise how they swim in bulk fluids [4, 8–14], find food sources [15–18], behave
near boundaries [19–23] and move in complex fluids [24–27].
These investigations have also prompted the creation of artificial microswimmers. While some synthetic devices have
been designed to prove theoretical models [28, 29] or to exploit propulsion mechanisms for rigid shapes [30, 31], many
artificial swimmers are directly inspired by propulsion methods used in the biological world [32–39]. Two popular
biological methodologies to induce motion at small scales are the planar waving of slender filaments, commonly used
by spermatozoa [4, 35], or the rotating of semi-rigid helical structures, commonly used by bacteria [5, 9, 32].
Though the rotation of rigid helices is associated classically with swimming at low Reynolds numbers, the defor-
mation of a helix can also produce motion [36, 40]. The helical flagellar filaments of Escherichia coli (E. coli), for
example, are polymorphic [41, 42] and can switch forms when rotated in a different direction [12, 43–45], leading to
random reorientations of the bacteria as a whole [5, 46]. For the bacterium Rhodobacter sphaeroides, these reori-
entation events were previously thought to be governed by Brownian rotation, but recent results suggest that the
polymorphic change itself actively rotates the swimmer [47].
A different phylum of bacteria, the Spirochaetes, can also use the deformation of helix to generate propulsion.
These bacteria encase their flagellar filaments within a thin sheath around their body [48–50]. When the helical
filaments are rotated, their motion deforms the cell body through a set of waves and helical shapes, that in turn
creates motion [51–53]. Similarly Spiroplasma, a group of small helical unflagellated bacteria, are able to generate
thrust by propagating a switch in helix handedness along its body length [40, 54, 55].
Recently Mourran et al. developed a novel deforming helical microswimmer composed of a temperature sensitive
gel [37, 56]. When periodically heated and cooled with a laser, these gels retain a helical shape while changing their
helix radius and axial length in a non-reciprocal manner. These non-reciprocal deformations lead to a net rotation
parallel and perpendicular to its helix axis and, when near walls, a net translation (Fig. 1).
Motivated by these recent experimental results and by the common occurrence of deforming helices in biological
systems, this paper explores how a deforming helix can generate motion. First we consider the dynamics of an
inextensible helix that changes its axial length, helix radius and wavelength in time in order to move in an infinite
fluid. We demonstrate that this simple shape can generate a non-reciprocal swimming stroke and that, in an infinite
fluid, it may translate and rotate in only one direction by symmetry. The physics of this motion is elaborated upon in
the limit of small helix radius before we determine the general trends of these swimmers and the optimal configuration
loops. Finally, we consider how the presence of gravity, walls or imperfections in the helical shape can be used to
break symmetries and to allow the deforming helix to move in any direction.
This article is organised as follows. In sect. 2 we describe the configuration of the helix in an infinite fluid, its
deformation velocity, symmetries, and the low Reynolds number hydrodynamic model used to calculate its motion.
In sect. 3 we then use this model to determine the dynamics of the deforming helix in the limit of small helix radius
and demonstrate that the leading-order motion is very sensitive to the path taken in configuration space. The general
behaviour of the swimmer and its optimal configuration loops are then explored in sect. 4. Finally in sect. 5 we
3Figure 1. Net rotating motion of a deforming gel helix [37]; (a) Schematic diagram of the helix of length 2Lh (measured along
the helix axis) and diameter 2rh, with a definition of the two angles (θ,Ω) by which it may rotate; (b) Angular displacements
of the helix as it periodically deforms in a non-reciprocal manner. Light yellow regions indicate when the light is on, while dark
blue regions reflect when the light is off. Figure adapted from Ref. [37] under the Creative Commons License.
consider how gravity, walls and imperfections in the helix can break the symmetry of the swimmer and determine the
leading order dynamics when the helix radius is small.
2. KINEMATICS AND DYNAMICS
Although helices have long been associated with swimming at low Reynolds number, the physics governing the
swimming of a deforming helix has not yet been addressed. This can, however, be achieved through simple considera-
tions of the helical shape and its deformation. In this section we set up the problem by mathematically describing the
shape of a deforming helix, the symmetries of its motion, and the hydrodynamic modelling which will be exploited to
quantify the motion.
2.1. Helical geometry and kinematics
The deforming helix varies its helix angle, helix radius and wavenumber uniformly across its length to generate
motion. As such its centreline, r(s, t), is a helix at all times and so can be described parametrically as
r(s, t) = {α(t)s, rh(t) cos(k(t)s), rh(t) sin(k(t)s)}, (1)
in the Cartesian coordinate system {x, y, z} (Fig. 2). In the above equation, t is time, α(t) is the cosine of the helix
angle, rh(t) is the helix radius, k(t) is the wavenumber, s ∈ [`,−`] is the arc length and 2` is the total length of the
helix along its centreline. The surface of a deforming helix, with a circular cross-section, is then given by
S(s,Θ, t) = r(s, t) + rf (s)eˆρ(s,Θ, t), (2)
where rf (s) is the radius of the filament, eˆρ(s,Θ, t) is the radial unit vector perpendicular to the centreline tangent
tˆ(s, t) = ∂sr(s, t), and Θ ∈ [−pi, pi] is the azimuthal coordinate of the surface. In this configuration, the length along
4Figure 2. Illustration of a helix undergoing a non-reciprocal deformation with a centreline described by Eq. (1) and a circular
cross-section. In this example, either the helix radius or the length along its helix axis is changed while the other is fixed. The
wavenumber is set through the inextensibility condition α2 + k2r2h = 1 where α = Lh/` and 2` is the total length of the helix
centreline.
the helix axis is given by 2Lh(t) = 2α(t)`. For an inextensible helix, s must describe the conserved arclength of the
curve for all t. This is equivalent to enforcing the derivative of the curve with respect to s to be the centreline tangent,
tˆ(s, t) = ∂sr(s, t). The inextensible constraint can therefore be written as [∂sr(s, t)]
2 = 1 or
α(t)2 + rh(t)
2k(t)2 = 1, (3)
at all times. In what follows, we scale all lengths in the problem by `.
The centreline, Eq. (1), and inextensibility constraint, Eq. (3), show that a helix is uniquely defined by any two of
the three conformation parameters: α, rh, and k. A deforming helix therefore has two independent degrees of freedom
which can be varied to generate motion. As famously discussed by Purcell in his seminal article on locomotion at low
Reynolds numbers [7], two independent degrees of freedom are sufficient to create a non-reciprocal stroke (i.e. not
identical under a time-reversal symmetry) and thus are the minimal requirements needed to induce net motion. An
example non-reciprocal stroke, generated by a deforming helix, is shown in Fig. 2. This stroke was obtained by
alternatively varying the axial length, Lh = α(t)`, and helix radius, rh, while keeping the other parameter fixed.
The surface velocity, due to the deformation of the helix, is given by V = ∂tS(s,Θ, t). In the limit that rf  `
this velocity simplifies to ∂tS(s,Θ, t) ≈ ∂tr(s, t). This so-called slender-body limit is often sufficient to capture the
leading physics of many microscopic swimming systems [2, 50, 57, 58]. Hence, assuming that our helices are slender,
we can approximate the deformation surface velocity as
V(s, t) ≈
{
dα
dt
s,
drh
dt
cos(k(t)s)− rh(t)sdk
dt
sin(k(t)s),
drh
dt
sin(k(t)s) + rh(t)s
dk
dt
cos(k(t)s)
}
= s
(
r2h(t)k(t)
dk
dt
+ α(t)
dα
dt
)
tˆ− drh
dt
nˆ− srh
(
α(t)
dk
dt
− k(t)dα
dt
)
bˆ, (4)
where the tangent, tˆ, normal, nˆ, and bi-normal, bˆ, vectors to the centreline are
tˆ = {α(t),−rh(t)k(t) sin(k(t)s), rh(t)k(t) cos(k(t)s)}, (5)
nˆ = {0,− cos(k(t)s),− sin(k(t)s)}, (6)
bˆ = {rh(t)k(t), α(t) sin(k(t)s),−α(t) cos(k(t)s)}. (7)
When the helix is located in a fluid, the deformation kinematics in Eq. (4) creates hydrodynamic forces and torques
on the body which must balance the viscous drag from the swimming motion of the helix.
52.2. Symmetry conditions
Due to the linearity of the low Reynolds number hydrodynamic equations (the Stokes equations), the swimming
motion of the deforming helix is subject to the same symmetries as the helical shape, Eq. (1), and its deformation
velocity, Eq. (4). The deforming helix, when located in an infinite fluid, has one such symmetry; namely a pi rotation
symmetry around a director perpendicular to the helix axis. In our parametrisation of the helix this symmetry axis
coincides with yˆ = {0, 1, 0}. If, at any time, a helix is rotated by pi around the symmetry axis the system is identical
to before it was rotated. Therefore any net motion perpendicular to yˆ, in our parametrisation, must be equal to its
negative after this rotation and is thus zero. Hence the deforming helical swimmers only generate force, or motion
along yˆ. Note as the experimental gel helical swimmer rotates around both the helix axis and perpendicular to it
[37, 56], this rotation symmetry must be broken. In principle this could be caused by deviations in the shape of the
helix, or the presence of walls. Such influences will be discussed further in sect. 5.
2.3. Hydrodynamics
The net translation and rotation of the deforming helical swimmer is governed by its interaction with the surrounding
viscous fluid. The details of these hydrodynamic interactions dictate how the forces and torques on the body relate
to its shape and velocity. For long slender swimmers in viscous environments, many semi-analytical approaches exist
to compute the distribution of hydrodynamic forces [57–62]. These techniques fall broadly into two classes: slender
body theories (SBT) [58–60] and resistive force theories (RFT) [57]. While SBTs relate the local force on the body to
the surface velocity through integral equations (which in general have to be inverted numerically), RFTs relate the
local force to the local velocity at that point through an anisotropic drag matrix (and as a result can be evaluated
analytically). The former method is typically accurate to order rf/` while the latter is accurate to order 1/ log(rf/`).
The linear relationship between the local force and velocity in RFT is known to capture much of the governing physics
and the qualitative behaviour of the filament. Hence, as RFT is analytical, it is a very useful method to explore and
optimise the dynamics of a filamentous swimmer. We will therefore use RFT to describe the hydrodynamic forces of
the deforming helix swimmer. Specifically, for a slender body in a quiescent unbounded fluid, the relationship between
the local velocity of the body centreline, U(s), and the hydrodynamic force per unit length acting from the body on
the fluid, f(s), is given by
f(s) =
[
ζ‖tˆtˆ+ ζ⊥(I− tˆtˆ)
] ·U(s), (8)
where ζ‖ and ζ⊥ are the drag coefficients for motion parallel and perpendicular to the filaments tangent, respectively.
The drag relationship in Eq. (8) is anisotropic when ζ‖ 6= ζ⊥, and for very slender bodies in an unbounded low
Reynolds numbers flow becomes approximately ζ⊥ ≈ 2ζ‖ [2, 57, 63].
The total hydrodynamic force, F(t), and torque, L(t), acted on the fluid by a specific centreline velocity is then
found through the integrals
F(t) =
∫ 1
−1
f(s, t) ds, (9)
L(t) =
∫ 1
−1
r(s, t)× f(s, t) ds. (10)
For a force-free swimmer, the forces and torques from deformation must balance the drag from translation and rotation,
thereby determining the swimming velocities. In the following sections we will apply this method to the dynamics of
a deforming helical swimmer.
63. SMALL HELIX RADIUS DEFORMATIONS
Though the RFT modelling approach can be applied to all body kinematics relevant to the motion of the deforming
helix, the full equations are in general not tractable analytically and reveals little about the physics governing its
motion. Hence it is more useful to first consider a limiting configuration. Specifically we consider the limit in which
the helix radius is small, rh ≡ r′h, where  1 is a small parameter and r′h is fixed, so that the helix is approximately
a straight rod with small-amplitude deviations. In this limit, the inextensibility condition can be used to eliminate α
through the equation
α(t) = 1− 
2r′2h (t)k
2(t)
2
+O(4), (11)
thereby making the r′h-k configuration space the most practical to work in. In this space, we first identify the different
forces and torques on the body before balancing them with rigid-body drag in order to obtain the swimming velocity
and the net displacement generated from a given configuration loop.
3.1. Deformation forces and torques
Consider the force and torque generated from the deformation of the helix. In the limit of small helix radius,  1,
the deformation velocity becomes
V(t) = −s2r′h(t)k2(t)
dr′h
dt
tˆ− dr
′
h
dt
nˆ
−sr′h(t)
[(
1 +
2r′2h (t)k
2(t)
2
)
dk
dt
+ 2r′h(t)k
3(t)
dr′h
dt
]
bˆ+O(4). (12)
Hence, using Eqs. (8), (9), and (10), the net force and torque on the fluid from this motion are
F =
2ζ⊥
k2
[(
k
dr′h
dt
− r′h
dk
dt
)
sin(k) + kr′h
dk
dt
cos(k)
]
yˆ
+23kr′2h
dr′h
dr
(ζ⊥ − ζ‖) (k cos(k)− sin(k)) yˆ +O(4), (13)
L = −2ζ⊥
k3
[
dr′h
dt
(
k sin(k)− k2 cos(k))+ r′h dkdt (2k cos(k) + (k2 − 2) sin(k))
]
yˆ
+
r′2h 
3
k
(
k
dr′h
dt
[
(6ζ‖ − 5ζ⊥)k cos(k) + ((5− 2k2)ζ⊥ + 2(k2 − 3)ζ‖) sin(k)
]
+ζ⊥r′h
dk
dt
[
4k cos(k) + (k2 − 4) sin(k)]) yˆ +O(4). (14)
As anticipated from the symmetry arguments above, both the forces and torques are directed in the yˆ direction. It
is also apparent that they are strictly odd functions of the helix radius, r′h. This is because changing the sign of
r′h is mathematically equivalent to rotating the helix around its axis, xˆ, by pi. Since the rotational symmetry axis,
yˆ, is perpendicular to xˆ, this rotation must also switch the sign of the forces generated by the deformation, thereby
requiring the forces and torque to be odd in the helix radius.
3.2. Rigid-body forces and torques
In Stokes flow, the net hydrodynamic force and torque arising from rigid-body motion are linearly related to the
linear and angular velocity of the body through a symmetric resistance matrix [64]. In the case of the deforming helix,
7the rotational symmetry around yˆ means only a subset of the coefficients of this matrix are required. Specifically,
only the coefficients relating the force and torque in yˆ to the linear and angular velocity in yˆ are needed. The linear
relationship in this case can then be written as
(
F y
Ly
)
=
(
Ra Rb
Rb Rc
)(
Uyr
ωyr
)
, (15)
where Ur is the rigid-body translational velocity of the helix, ωr is the rigid-body angular velocity, and the superscript
y denotes the yˆ component of each vector. The values of the desired resistance coefficients coefficients, Ri, can again
be found using Eqs. (8), (9) and (10) by calculating the net hydrodynamic force and torque arising from unit linear
and angular velocities. Performing such calculations in the limit of small helix radius we find
Ra = 2ζ⊥ − 2(ζ⊥ − ζ‖)r′2h k (k − cos(k) sin(k)) +O(4), (16)
Rb =
2r′2h
4
(ζ⊥ − ζ‖) (4k + 2k cos(2k)− 3 sin(2k)) +O(4), (17)
Rc =
2ζ⊥
3
+
2r′2h
12k
[
12kζ‖ − 18(ζ⊥ − ζ‖)k cos(2k)− 4(3ζ⊥ − ζ‖)k3
+3((3− 2k2)ζ⊥ − (5− 2k2)ζ‖) sin(2k)
]
+O(4). (18)
Note that the leading-order values of these coefficients are simply the resistance coefficients of a straight rod, while the
2 terms reflect the small helical deformation. Furthermore, unlike the deformation forces and torques, the resistance
coefficients are even functions of helix radius, r′h, because the drag in yˆ is invariant to rotations of pi around the helix
axis.
3.3. Instantaneous swimming velocities
The instantaneous swimming and angular velocities of a deforming helix are then found through balancing the
deformation and rigid body forces and torques. Specifically, adding the forces and torques together and setting the
result to be zero creates a linear system of equations for both Uyr and ω
y
r , whose solution determines the swimming
velocities of the helix. Using the results above, the instantaneous velocities of the swimmer are
Uyr = −
d
dt
(
r′h sin(k)
k
)
− 
3r′2h (ζ⊥ − ζ‖)
16ζ⊥k3
(
2k
dr′h
dt
f(k)− r′h
dk
dt
g(k)
)
+O(4), (19)
ωyr = 3
d
dt
(
r′h sin(k)
k2
− r
′
h cos(k)
k
)
+
33r′2h
16ζ⊥k4
(
k
dr′h
dt
h(k) + 2r′h
dk
dt
m(k)
)
+O(4), (20)
8where we have defined four functions
f(k) = (4k2 − 9)(1 + 2k2 − cos(2k)) cos(k) + k(21− 4k2 + 15 cos(2k)) sin(k), (21)
g(k) = (18 + 53k2 + 8k4) cos(k) + (19k2 − 18) cos(3k)
+2k[(4k2 − 27) sin(k) + (2k2 − 15) sin(3k)], (22)
h(k) = [(9 + 9k2 + 16k4)ζ⊥ − (15 + 30k2 + 16k4)ζ‖] cos(k)
+[(27k2 − 9− 2k4)ζ⊥ + (15− 30k2 + 2k4)ζ‖] cos(3k)
−k[(18 + 3k2 − 8k4)ζ⊥ + (9k2 − 54 + 4k4)ζ‖] sin(k)
+k[(25k2 − 54)ζ⊥ + (66− 25k2)ζ‖] cos(2k) sin(k), (23)
m(k) = [(16k4 − 15k2 − 9)ζ⊥ + (15 + 39k2 − 40k4)ζ‖] cos(k)
+3[(3− 7k2)ζ⊥ + (7k2 − 5)ζ‖] cos(3k)
+2k[(9− 10k2 + 8k4)ζ⊥ + (22k2 − 27− 8k4)ζ‖] sin(k)
+2k[(27− 4k2)ζ⊥ + (4k2 − 33)ζ‖] cos(2k) sin(k). (24)
As one may expect, both the translational and angular velocities are odd functions of the helix radius, r′h, again
reflecting the relationship between changing the sign of r′h and rotating the helix around its axis, xˆ.
Furthermore, the leading-order contributions (order ) in Eqs. (19) and (20) are exact time derivatives of configu-
ration space parameters and thus cannot generate net motion over a period of deformation. This general result arises
from the helix’s ability to only swim in one dimension. For one dimensional motion, the net displacement from a
given loop in configuration space is given by(
∆Y
∆θ
)
=
∮
∂V
(
Uyr
ωyr
)
dt, (25)
where ∆Y is the translational displacement in yˆ, ∆θ is the rotational displacement around yˆ, t is time, and ∂V is
a closed loop in configuration space. As the net displacement is a direct integral of the velocity over a closed loop,
it is clear that components of the velocity that can be written as exact time derivatives cannot generate motion.
Physically this result is due to the leading-order shape of the system. At order , the body is effectively a straight rod
with a prescribed velocity across its length. As a straight inextensible rod has no configurational degrees of freedom,
the system cannot break the time symmetry of Stokes flow and so any motion must be the derivative of a periodic
function.
As a result, net displacements of the swimming helix can only occur at orders in which the core shape has become
helical and can break time-reversal symmetry (order 3 or above). It is worth noting that if the drag on the helix
was isotropic (ie. ζ⊥ = ζ‖), the order 3 terms of the linear velocity become identically zero. Hence, consistent with
the current understanding of swimming as low Reynolds numbers, a deforming helix cannot generate net translation
in a isotropic drag medium [6]. Notably, under the same conditions, the order 3 terms of the angular velocity are
non-zero and so net rotation is still possible under isotropic drag. This rotation is a consequence of the anisotropy of
the swimmer’s shape alone [65].
3.4. Sensitivity of the net displacements
In order to gain further understanding, we consider how the net displacements, in Eq. (25), depend on a particular
configuration loop. For this purpose we use the typical dimensions of the deforming gel swimmer from Ref. [37]. The
9                  
Figure 3. Net translational (a) and rotational (b) displacement generated from a small-radius helix deforming according to
Eqs. (26) and (27), as a function of the phase, φ. For this deformation loop, the parameter values are α¯ = 0.903, ∆α = 0.047,
r¯h = 0.077, and ∆rh = 0.026 to reflect the typical dimensions of the experimental gel swimmer in Ref. [37].
mean (scaled) helix radius of the reported gel swimmer’s deformation was r¯h ≈ 0.077 and it varied by ∆rh = 0.026
throughout one cycle. Similarly the mean (scaled) axial length was α¯ ≈ 0.903, and it varied by ∆α = 0.047. These
dimensions are consistent with the small helix radius assumption of Eqs. (19) and (20). An approximate deformation
loop of the gel helix can be parametrised as
α(t) = α¯+ ∆α sin(t), (26)
r′h(t) = r¯h + ∆rh cos(t+ φ), (27)
where φ is the phase between the two oscillations and k is given by Eq. (11). For φ = pi/2, 3pi/2, Eq. (26) describes
reciprocal motion and therefore no net motion is induced. We note that a different deformation loop would generate
different net displacements, as would be expected for any change in a swimming stroke.
The configuration loops for r′h and k can be inserted into Eqs. (19), (20) and (25) to determine the net displacements
from one period of deformation. These results are illustrated in Fig. 3. For the loops considered, each displacement
shows a different non-sinusoidal dependence on the phase lag, φ. Hence, for typical experimental values, the dynamics
of the gel swimmer could vary wildly. On Fig. 3 we observe the maximum linear displacement, ∆Y , to be ≈ 0.003
while the maximum angle, ∆θ, to be ≈ 0.015 rad. Though determined using a RFT model, this maximum rotational
displacement is close to the experimentally measured displacement of 0.019 rad [37]. Furthermore, the experiments
observed no net translation, in agreement with our prediction that ∆Y is small. This agreement suggests that some
of the experimentally seen motion is governed by similar physics to the deforming helix and so may be understood
and optimised using the same principles.
4. ARBITARY DEFORMATIONS
The motion of the helix generated by an arbitrary, periodic configuration loop can also be computed using the
RFT formalism. In doing so, it is best to consider the dynamics in the α-rh configuration space. As α is the scaled
axial length and rh is the scaled helix radius, both variables have clear connections to the physical shape of the helix.
Furthermore as α ∈ [0, 1], rh ∈ [0,∞) and k ∈ [0,∞) and the three parameters are related through the inextensibility
condition, Eq. (3), the physical region of the α-rh space is rectangular and easier to visualise than the rh-k space,
which is bounded by 0 and rh = 1/k.
In the α-rh configuration space, the instantaneous velocity resulting from a general deformation of the helix can
10
always be formally written as (
Uyr
ωyr
)
= Mr,α
d
dt
(
rh
α
)
, (28)
where the matrix
Mr,α ≡
(
MY,rr,α M
Y,α
r,α
Mθ,rr,α M
θ,α
r,α
)
(29)
relates the instantaneous velocities to the rate of change of the helix configuration parameters. The coefficients of this
matrix are determined by balancing the forces and torques on the helix. For completeness these coefficients are listed
in the appendix in the limit of asymptotically slender filaments, i.e. ζ⊥/ζ‖ = 2. The linear relationship in Eq. (28),
between the deformation variables and the rigid swimming velocity, is the basis for our investigation into general
swimming behaviours.
4.1. Net displacement and motility maps
For any periodic deformation of the helix, the net linear, ∆Y , and angular displacement, ∆θ, can be written as
∆Y =
∮
∂V
(
MY,rr,α
drh
dl
+MY,αr,α
dα
dl
)
dl, (30)
∆θ =
∮
∂V
(
Mθ,rr,α
drh
dl
+Mθ,αr,α
dα
dl
)
dl, (31)
where we have expanded Eq. (28), and parametrised Eq. (25) by the arc length of the α-rh curve in configuration
space, l. The insensitivity of Eq. (25) to arbitrary re-parametrisations of time reflects the time invariance of Stokes
flow.
The general behaviours and optimal trajectories of the deforming helix swimmer can then be determined by con-
sidering how Eqs. (30) and (31) vary for different loops in the α-rh configuration space. Typically this is difficult to
achieve due to the infinite number of loops possible. However, in this case, the trends and the optimal loops can be
determined through a mathematical trick involving the use of Stokes’ theorem. Specifically, Eqs. (30) and (31) can
be thought of as closed line integrals over vector fields with strengths MY = (MY,rr,α ,M
Y,α
r,α ) and M
θ = (Mθ,rr,α ,M
θ,α
r,α ),
respectively. Stokes’ theorem classically states that the value of such closed line integrals is equal to the flux of the
curl of this vector field through a surface bounded by the loop. In two dimensions this relationship reduces to Greens’
theorem and so Eqs. (30) and (31) can be recast as
∆Y =
∫∫
V
(
dMY,αr,α
drh
− dM
Y,r
r,α
dα
)
drh dα=
∫∫
V
(∇×MY ) · xˆ3 drh dα, (32)
∆θ =
∫∫
V
(
dMθ,αr,α
drh
− dM
θ,r
r,α
dα
)
drh dα=
∫∫
V
(∇×Mθ) · xˆ3 drh dα, (33)
where V is the area within the loop in configuration space and xˆ3 is the unit vector perpendicular to the configuration
space. In last equality we have arbitrarily introduced a new orthogonal coordinate x3 in which both vector fields
have 0 component, ie. Mθ = (Mθ,rr,α ,M
θ,α
r,α , 0), such that the integrand can be written in terms of the curl. The
identities in Eqs. (32)-(33) show that the net translation and rotation of a swimmer only depends on one functional
each: (∇×MY ) · xˆ3 for translation or (∇×Mθ) · xˆ3 for rotation. Plots of these functions over the configuration space
are known as motility maps or height functions [66, 67]. They reveal the general behaviour of the system while also
providing a quick way estimate the motion from any trajectory. Furthermore, the loops which maximise the values
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Figure 4. Motility maps: Density plots of the functionals (∇×MY ) · xˆ3 (a, translation) and (∇×Mθ) · xˆ3 (b, rotation) as a
function of the scaled helix radius, rh, and scaled axial length, α. The dashed lines represent iso-contours of the functionals.
The solid black loop represents an approximate path in configuration space taken by the deforming gel swimmer from Ref. [37]
(Eqs. (26) and (27) when φ = 0). Though on a log-log scale, the functions have been scaled such that the total displacement
over a loop is the integral of the function within the loop. All lengths have been scaled with respect to `
of ∆Y and ∆θ, under some length constraint, are just the contours of these curl functions with the same arc length.
Hence these maps have been useful in applications of control theory and design optimisation [68–70].
4.2. General displacements of a deforming helix
In Fig. 4, we plot the motility maps, (∇×MY )·xˆ3 and (∇×Mθ)·xˆ3, for a deforming helix swimmer. Though shown
on a log-log scale, the functions have been scaled such that the values of ∆Y and ∆θ are still equal to area integrals
of the function within the loop. In both panels, (∇×MY ) · xˆ3 and (∇×Mθ) · xˆ3 are seen to oscillate, as the helix
radius decreases, between positive and negative values of almost equal magnitude but increasing frequency. These
oscillations are caused by the changing number of coils within the helix. For an inextensible helix the wavenumber, k,
is always proportional to 1/rh. Hence as rh decreases, the number of wavelengths along the length increases and can
change the direction of motion. This increasing rate of oscillation suggests that it is better for the swimmer to have a
larger helix radius as larger loops that do not cross a zero contour are possible, thereby reducing the sensitivity of the
results to small changes while maximising the area within the loop. These oscillations also allow a swimmer of a single
chirality to move backwards or forwards when following loops of the same handedness (clockwise or counter-clockwise)
and could be harnessed to create loops in which one of the displacements is exactly 0.
Unlike with rh, the optimal behaviour of α is seen to be different for translation and rotation. When optimising
translation, it is visible that (∇ ×MY ) · xˆ3 is larger when α is closer to 1, while for rotation the maximum of
(∇ ×Mθ) · xˆ3 in α is closer to 0.1 and it decreases as rh decreases. This suggests that α can be used to tune the
swimmer to be better at either rotating or translating. Note that deforming helices are inherently better at rotating
than translation since the maximum of (∇ ×Mθ) · xˆ3 is an order of magnitude larger than (∇ ×MY ) · xˆ3, but the
physics causing this difference is yet unclear.
The results plotted in Fig. 4 can also be used to estimate the maximum displacements possible from a given loop.
For example, let us consider the value of the integral in the rightmost loop shown in each panel, as these are the
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loops with the largest area. Integrating (∇ ×MY ) · xˆ3 over rh = [0.2,∞) and α = [0, 1], we find the translational
displacement of the right most loop to be ∆Y ≈ 0.08 in dimensionless units, while similarly integrating (∇×Mθ) · xˆ3
over rh = [0.15,∞) and α = [0, 1], we find ∆θ ≈ 2.25 radians. This again reinforces that the deforming helix is better
at rotating than translating. Interestingly the net translational displacement of E. coli bacteria per rotation of the
flagella (∼ 100 Hz), scaled by the size of the cell body (∼ 2 µm), is approximately 0.1 [9] and therefore is of a similar
magnitude to the maximum ∆Y obtainable by a deforming helix; it is however one order of magnitude larger than
that predicted for the experimental deforming swimmer.
Finally the motility maps also explain the sensitivity of the net displacements to the phase, φ, in Fig. 3. In
calculating Fig. 3 we used typical dimensions of the experimental gel swimmer from Ref. [37]. The black solid loop
plotted in each panel of Fig. 4 display such a deformation, as described by Eqs. (26) and (27) when φ = 0. Clearly
these loops encircle regions with both positive and negative amplitude. It is therefore immediately obvious that the
net motion observed would depend critically on how this loop interacts with the contours of the motility maps and
that loops crossing zero contours would generate less displacement than those aligned.
5. BREAKING ADDITIONAL SYMMETRIES
The deforming gel helix studied experimentally in Ref. [37] was seen to rotate both around and perpendicular to
the helix axis. From the theoretical discussion in sect. 2 we know that the deforming helix in an unbounded fluid can
only translate and rotate in one dimension due to a rotation symmetry. Experimental helices must therefore break
this rotation symmetry in order to generate this different behaviour. Hydrodynamically, this symmetry breaking
could either result from (i) the presence of nearby surfaces, (ii) external forces such as gravity, or (iii) asymmetric
imperfections in the shape of the helix.
In this section we consider each of these influences separately and address how they would affect the dynamics of
the deforming helix. For simplicity, all three cases are only considered in the asymptotic small helix radius limit,
with the configuration loop set by Eqs. (26) and (27) (a different configuration loop will, in general, generate different
displacements). Furthermore, as breaking the helix symmetry allows full three dimensional motion, it becomes
necessary to specify the configuration of the helix in the laboratory frame. In what follows the position of the helix in
the laboratory frame is defined by a position vector, R, the rotation around the helix axis, Ω, the angle between the
helix axis and the wall, Φ, and the rotation around the wall normal, θ (see notation in Fig. 5). If xˆ, yˆ and zˆ denote
unit vectors associated with the body centred coordinate system (consistent with the previous notation), the three
dimensional dynamics of the position and orientation of the helix are then determined by [50]
dR
dt
= Ur, (34)
dxˆ
dt
= ωr × xˆ, (35)
dyˆ
dt
= ωr × yˆ, (36)
dzˆ
dt
= ωr × zˆ, (37)
and the definition of the three angles follows from these unit vectors accordingly.
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Figure 5. Diagram depicting the orientational configuration of the helix in the laboratory frame, xˆl, yˆl, zˆl. Here R is the
position of the helix in the laboratory frame, Ω is the rotation angle around the helix axis, Φ is the angle between the helix
axis and the wall, θ is the angle for rotation around the wall normal, and xˆ, yˆ, and zˆ are the body frame unit vectors. When
relevant, gravity will be defined in the laboratory −yˆl direction while hc denotes the distance from the centre of the helix to
the wall (grey).
5.1. Surfaces
In experiments, both biological and artificial swimmers are often located close to surfaces either as a result of
their swimming characteristics [19, 22, 71] or because of their differences in density [32, 37]. Walls therefore play a
significant role in the swimmers behaviour, and, in the case of the deforming helix, can break the rotation symmetry
if yˆ is not aligned parallel (or anti-parallel) to the wall normal.
The breaking of symmetry in this case occurs because the viscous drag on a body depends on its distance to,
and orientation from, any nearby no-slip surface. The influence of walls on slender filament is, therefore, a difficult
theoretical problem and so typically requires the use of numerical techniques [72–75]. Hence no general version of
RFT exists in this case. However, if the filament is oriented perpendicular to the wall normal (i.e. parallel to the wall
itself), resistance coefficients have been determined in certain asymptotic limits. In particular, if the pointwise distance
between the filament and the wall, h, is much less than the body length ` (i.e. h  `) the resistance coefficients are
approximately given by
ζt ≈ 2piµ
log (2h/rf )
, (38)
ζy ≈ 4piµ
log (2h/rf )− 1 , (39)
ζz ≈ 4piµ
log (2h/rf )
, (40)
where rf is the radius of the filament, ζt is the resistance coefficient for drag along the filament axis, ζy is the resistance
coefficient for drag in the normal direction of the wall and ζz is the resistance coefficient for drag in the last direction
(see the review in Ref. [76] and references therein).
In the small rh limit, the helix is nearly a rod and so, if the angle between the helix axis and the wall, Φ, is small,
these resistance coefficients can be used to quantify the locomotion of the helix. Near the wall, the resistive force
relationship in Eq. (8), in this limit, becomes
f ≈ [ζttˆtˆ+ ζyyˆhyˆh + ζz zˆhzˆh] ·U, (41)
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Figure 6. Net displacement in translation, ∆Y (a), and rotation, ∆θ (b), in the laboratory frame over one period of oscillation
using the near-wall resistive force coefficients. Here the cross-sectional radius of the helix is rf = 0.0375 corresponding to the
effective radius of the gel swimmer in Ref. [37].
where yˆh = yˆ ·
(
bˆnˆ− nˆbˆ
)
, zˆh = −zˆ ·
(
bˆnˆ− nˆbˆ
)
, h = yˆl · R = yˆl · r + hc and hc is the height of the centre of
the helix above the wall. This formalism makes it possible to then investigate how the wall affects the motion of a
deforming helix. This can be done while maintaining the helix rotation symmetry, if yˆ is aligned with or against the
wall normal, or breaking it. When the rotation symmetry is kept, an analytical form of the velocity can be found,
however for the full motion (including movement relative to the wall) the solution must be solved numerically.
5.1.1. Maintaining the helical symmetry
When the helix symmetry axis, yˆ, and the wall normal remain aligned, the helix retains its pi rotation symmetry.
Under these conditions, the motion from any deformation can still only be in yˆ and the leading order linear and
angular velocity becomes
Uyr = − 
d
dt
(
r′h sin(k)
k
+ 
r′2h (2k
2 − 4 sin(k)2 + k sin(k))
8hpk2
)
− 
3r′2h
96h2pLk
3
(
fw
dr′h
dt
+ 24r′hgw
d log(k)
dt
)
+O(4), (42)
ωyr = 3
d
dt
(
r′h sin(k)
k2
− r
′
h cos(k)
k
)
+
2r′h
8hLk
(
3nw
dr′h
dt
+ r′hmw
dk
dt
)
+O(3), (43)
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where we have introduced the four functions
fw = 12h
2
pk
3 cos(k)(2(L− 1) cos(2k)− (5L+ 7)) + 48h2p(L+ 1)k5 cos(k)
−24h2p(3L+ 1)k4 sin(k) + 96L sin3(k)− 6(L+ 3)k sin(k) sin(2k)(3h2p + 2L)
+k2(2 sin(k)(4L(L− 3) + 3h2p(11L+ 9)) + sin(3k)(4L(L+ 1)− 9h2p(L− 5))), (44)
gw = −3k3 cos(k)(8L(L+ 1)− 3h2p(19L+ 17) + cos(2k)(3h2p(7L− 19)− 4L(L+ 1)))
+2k2 sin(k)(cos(2k)(27h2p(L− 5)− L(11L+ 29))− L(L+ 1)− 27h2p(5L+ 7))
+36h2p(3L+ 1)k
5 cos(k)− 144L sin3(k) + 18h2pk4(2(L+ 1) sin(k)− (L− 1) sin(3k))
+36k cos(k) sin(k)2(2h2(L− 1)2(L+ 3) + L(L+ 6)), (45)
nw = 12(2 + k
2)− 2 cos(2k)(12− 18k2 + k4) + k sin(2k)(13k2 − 48), (46)
mw = 6 cos(2k)(24− 48k2 + 7k4) + 4(k6 − 9k4 − 36) + 3k sin(2k)(96− 49k2 + 2k4), (47)
hp = hc(L−1) and L = log(2hc/rf ). The above expansion shows that, in the presence of a wall, the net leading-order
angular velocity becomes of order 2r′2h while the leading-order linear velocity remains at 
3r′3h . The presence of a
surface therefore causes a significant increase in the angular velocity while maintaining a similar magnitude linear
velocity.
Significantly, the ∼ 2r′2h nature of the angular velocity indicates that the direction of rotation is independent of
whether the symmetry axis is parallel or anti-parallel to the wall normal. Hence, since the free motion must be an
odd function of r′h, this motion arises uniquely from the hydrodynamic interactions of the helical body with the wall.
The net displacement of the deforming swimmer can be determined by substituting these velocities into Eqs. (34)-
(37). In doing so, care is needed to account for the changing height of the swimmer above the wall, hc. We show
in Fig. 6 the net linear and angular displacement for different initial heights. As the body gets closer to the wall,
the magnitudes of both the net translation and rotation increase. Hence walls could be exploited to enhance the net
motion of a deforming helix.
However, from our predictions, we see that this rate of increase remains small as hc decreases. This is a consequence
of the logarithmic dependence of the resistance coefficients, Eqs. (38), (39) and (40), on the separation from the wall.
This logarithmic dependence will change as the distance from the wall becomes less than the thickness of the body,
rf , and the systems enters the lubrication limit [64]. In that case, the local drag on the cylinder is known to increase
as ∼ 1/√h− rf [77] and therefore the presence of the wall would lead to a larger effect.
5.1.2. Breaking the helical symmetry
When yˆ is not aligned with the wall normal, the presence of the surface breaks the helix’s pi rotation symmetry.
Theoretically, such configurations can be achieved by rotating r around its axis by an angle Ωi 6= 0,±pi before placing
it near a wall. This configuration captures a deforming helix ‘lying’ near the bottom wall at an arbitrary initial
orientation.
In Fig. 7 we show the (numerically determined) laboratory-frame orientation and position of a helix with an initial
configuration Ωi = pi/2, and hc = 0.3. Configurations with different initial values for Ωi exhibit qualitatively similar
behaviour. The results show that breaking the helix rotation symmetry leads to motion in all directions. However,
of all the components of translations and rotations, motion in the yˆl direction still dominates. After θ, Φ is the next
largest angle. Since Φ represents the angle between the helix axis and the wall (Fig. 5), its change indicates that the
helix is also slowly aligning its helix axis, xˆ, with the wall normal. There is however little rotation around said helix
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Figure 7. Net laboratory-frame displacement in translation (a) and rotation (b) over ten periods of oscillation using the near-
wall resistive force coefficients. This helix initially has an orientation of Ωi = pi/2 and a distance from the wall of hc = 0.3.
The filament radius is rf = 0.0375 and φ = 0. The three angles are defined geometrically in the caption of Fig. 5.
axis or displacement in xˆl and yˆl. Therefore, though the wall can break the rotational symmetry, in our model it only
tends to weakly increase the net displacements over a period.
5.2. Gravity
The presence of gravity, acting as an external force, can also generate motion and break the helix’s rotation
symmetry. Though not actually related to the deformation of the helix, this motion occurs simultaneously and so can
play part in the observed dynamics. The significance of the gravitational motion is determined by the ratio of the
gravitational and viscous forces. Often called the Archimedes number, Ar, this ratio is defined as
Ar =
g(ρb − ρf )V T
µ`2
, (48)
where g = 9.8 m s−1 is the gravitational acceleration, ρb is the mass density of the helix, ρf is the density of water, V
is the volume of the swimmer, µ is the dynamic viscosity of the fluid (water in the experiments) and T is the period
of the shape oscillation. For the gel helix swimmer studied in Ref. [37], we have Ar ≈ 0.058.
The velocities generated by gravity can be found by balancing the gravitational (buoyancy) force with the drag
force and torque from rigid body motion. This is best done in an infinite fluid. In the body frame the gravitational
acceleration is given by
g = −g {sin(Φ), cos(Φ) cos(Ω),− cos(Φ) sin(Ω)} . (49)
Balancing the resulting gravitational force with the viscous drag, and expanding in small helix radius, r′h, we obtain
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Figure 8. Configuration of a conical helix in its body frame.
the leading-order velocity due to gravity as
Uxr = Ar
sin(Φ)
2ζ‖
+O(), (50)
Uyr = −Ar
cos(Φ) cos(Ω)
2ζ⊥
+O(), (51)
Uzr = Ar
cos(Φ) sin(Ω)
4ζ⊥γ
{[
cos(2k)− 1− 2k2] (3− k2)− 6k sin(2k)}+O(), (52)
ωxr = Ar
k sin(Φ)
4ζ⊥ζ‖γ
{
2(ζ⊥ − ζ‖) [2 + cos(2k)] k2 − 2(ζ⊥ − ζ‖)k4
}
+Ar
k sin(Φ)
4ζ⊥ζ‖γ
[
6ζ⊥ sin2(k)− 3(2ζ⊥ − ζ‖)k sin(2k)
]
+O() (53)
ωyr = −Ar 2r′2h
3 cos(Φ) cos(Ω)(ζ⊥ − ζ‖)
16ζ2⊥
[2k(2 + cos(2k))− 3 sin(2k)] +O(3), (54)
ωzr = Ar
2k cos(Φ) sin(Ω)
2ζ⊥γ
[sin(k)− k cos(k)] +O(), (55)
where we used the function γ
γ = k4 + 3k sin(2k)− (2 + cos(2k))k2 − 3 sin2(k). (56)
This result shows that gravity generates leading order motion in every direction except for the rotation around yˆ,
which occurs at order O(Ar 2). Therefore, if the value of Ar was large enough, gravity could create significant motion
in the directions excluded by the helical symmetry.
5.3. Imperfect helix shapes
Defects in the shape of the helix may also break the pi rotation symmetry and so generate full three-dimensional
motion, the specific form of the defect ultimately determining the resultant motion. As the range of defects possible
is effectively infinite, in this section we focus on the behaviour of a small conical defect causing the helix radius to
monotonically increase from one side of the helix to the other (see illustration in Fig. 8). Mathematically the centreline
of the conical helix can be written as
r(s, t) = {α(t)s, r′h(t)(1 + ξs) cos(k(t)s), r′h(t)(1 + ξs) sin(k(t)s)} , (57)
where ξ is a small parameter, so that α2 + (1 + ξs)2r′2h k
2 ≈ 1. This small change is enough to break the symmetry of
the shape and so enable fully three dimensional motion.
We plot the net displacement after one period of deformation as a function of the phase, φ, in Fig. 9. In these plots
ξ = 0.1 and the configuration loop is again prescribed by Eqs. (26) and (27). For the conical helix, it is clear that all
displacements are non-zero and non-trivially depend on the value of φ. Defects in the shape can therefore generate
displacements in all possible directions, enabling full three-dimensional motion.
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Figure 9. Net laboratory-frame displacement in translation (a) and in rotation (b) over one period of oscillation for a conical
helix with ξ = 0.1.
6. DISCUSSION
Helices are iconic shapes in the mechanics of small-scale locomotion, with many types of swimmers rotating rigid
helices to generate thrust. However, deforming helices can also create non-trivial motion. Inspired by the range of
systems displaying motion from the deformation of a helix, we considered in this paper how an inextensible helix can
propel at low Reynolds number by changing its helix angle, helix radius and wavenumber uniformly across its body.
We show that these deforming helices can create non-reciprocal strokes and, in an infinite fluid, can only move in one
dimension, namely along a direction perpendicular to the helix axis. In the limit of small helix radius, the velocity of
these swimmers was shown to be an odd function of the helix radius and could only generate displacement scaling as
the cube of the helix radius. For helices with dimensions similar to the deforming gel swimmer of Ref. [37], the value
of the net displacements over one period of oscillation depended strongly on the configuration loop taken but could
be of a similar order of magnitude to the displacements found in the experiment.
The net translation and rotation of general unbounded deforming helices were then explored using motility maps.
These maps use Stokes’ theorem to relate the closed line integral representation of the net linear and angular dis-
placement of the swimmer to an area integral of a single scalar function. Inspection of this function revealed the
general trends of the swimmer, and clearly showed the optimal loops (the contours). For the deforming helix, the
changing number of wavelengths along the helix causes these functions to oscillate. As a result larger displacements
were possible at larger helix radii for both the translational and angular displacement. The motility map functions
further revealed that the rotational displacement is optimised at small axial lengths while translational displacements
is optimised at large axial lengths.
Using the small-radius approach, we next considered how walls, gravity and a conical shape defect could break the
rotational symmetry of the deforming helical swimmer and how it would change the behaviour seen. In the presence
of a no-slip surface, the net displacement of the helix, in the direction perpendicular to the wall, weakly increased
the closer to the wall it sat. However, the presence of the surface generated negligible motion in any other direction.
On the other hand, gravity was observed to be able to create motion in every direction and so, provided buoyancy is
relevant, could be a generator of the motions that appear to break the rotational symmetry in the experiments [37].
Similarly, a conical shape defect on the swimmer was also shown to generate significant motion in every direction.
Through our exploration, we have created a theoretical basis to understand many of the motions generated by
deforming helices. These results in turn can then be used to guide the design of other artificial deforming helix
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systems, similar to the gel helix from Ref. [37]. These predictions could be further improved through more accurate
hydrodynamic models or considering how gel extensibility affects the dynamics. This investigation and optimisation
could also lead to the design of tunable artificial swimmers, by introducing how the swimmers react to external fields
to our model. Finally, the combination of this model with deformation models for the body of a Spirochaetes or
the polymorphic transitions of a bacterial flagellum, could also help improve our understanding into how biological
systems employ deforming helices to generate motion and their efficiency in doing so.
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Appendix A: Mr,α coefficients
In this appendix we list the coefficients of the Mr,α as found using RFT. Assuming ζ⊥ = 2ζ‖ these coefficients
become
βMY,rr,α
8
= −3 (α2 − 1) [α4 (k2 − 4)+ α2 (2− 3k2)− 12] cos(3k)
−4k [5α6 (k2 − 3)+ 12α4 (k2 − 1)+ 3α2 (5k2 − 4)+ 39] sin(k)
+
[−6 (2α6 − 3α4 + 7α2 − 6)+ 8α2 (α4 + 4α2 + 3) k4] cos(k)
+
(−45α6 − 60α4 + 57α2 + 48) k2 cos(k) + 12 (α6 − 2α4 + 2α2 − 1) k sin(3k), (A1)
rhβM
Y,α
r,α
16α
=
[
3α2
(
4r2h + 8k
2 + 9
)
+ 3
(
r2h + 6
)
+ α4
(
8k2 − 45)] cos(k) + 3 (1− 4α2) r2hk sin(3k)
−k (20α4 + 12α2 (5r2h + 1)+ 33r2h) sin(k)− 3 (α4 + α2 (4r2h − 3)+ r2h + 2) cos(3k),
(A2)
βMθ,rr,α
24kα
=
(
α2 + 4
)
α2k
(
8k2 − 21) sin(k) + 3 [(α2 − 1)2 + 4 (α4 + 8α2 + 7) k2] cos(k)
+3k
(
8k2 − 29) sin(k)− 3 (α2 − 1)2 cos(3k)− (α4 − 4α2 + 3) k sin(3k), (A3)
rhβM
θ,α
r,α
48
=
(
3α2 − 2) r2hk cos(3k) + k [12α4 + 76α2 + (2− 3α2) r2h − 24] cos(k)
+
{
α2
[−21α2 + 8 (α2 + 3) k2 − 65]+ 22} sin(k)− (α4 − 3α2 + 2) sin(3k), (A4)
β = 3
(
α2 − 8) (α2 − 1)2 + 32α2 (α2 + 3)2 k4 − 24(α− 1)(α+ 1) (α4 − 9α2 + 24) k2
+8
(
α2 − 1) k [α4 (4k2 − 3)+ 3α2 (4k2 − 11)+ 24] sin(2k)
+48α2
(
α4 + 10α2 − 11) k2 cos(2k)− 3α2 (α4 − 10α2 + 17) cos(4k) + 24 cos(4k).
(A5)
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These coefficients are used to calculate the motility maps in the main text. Note that in order to take the derivative
of these coefficients k must be eliminated from the equations using the inextensibility condition.
[1] G. Taylor. Analysis of the Swimming of Microscopic Organisms. Proc. R. Soc. A Math. Phys. Eng. Sci., 209:447–461,
1951.
[2] E. Lauga and T.R. Powers. The hydrodynamics of swimming microorganisms. Reports Prog. Phys., 72:096601, 2009.
[3] J. Elgeti, R. G. Winkler, and G. Gompper. Physics of microswimmerssingle particle motion and collective behavior: a
review. Reports Prog. Phys., 78:056601, 2015.
[4] E. A. Gaffney, H. Gadeˆlha, D. J. Smith, J. R. Blake, and J. C. Kirkman-Brown. Mammalian Sperm Motility: Observation
and Theory. Annu. Rev. Fluid Mech., 43:501–528, 2011.
[5] E. Lauga. Bacterial Hydrodynamics. Annu. Rev. Fluid Mech., 48:105–130, 2016.
[6] L. E. Becker, S. A. Koehler, and H. A. Stone. On self-propulsion of micro-machines at low reynolds number: Purcell’s
three-link swimmer. J. Fluid Mech., 490:15–35, 2003.
[7] E. M. Purcell. Life at low reynolds number. Am. J. Phys, 45:3–11, 1977.
[8] L. Turner, W. Ryu, and H. Berg. Real-time imaging of fluorescent flagellar filaments. J. Bacteriol., 182:2793–2801, 2000.
[9] S. Chattopadhyay, R. Moldovan, C. Yeung, and X. Wu. Swimming efficiency of bacterium Escherichia coli. Proc. Natl.
Acad. Sci. U. S. A., 103:13712–7, 2006.
[10] R. E. Goldstein. Green Algae as Model Organisms for Biological Fluid Dynamics. Annu. Rev. Fluid Mech., 47:343–375,
2015.
[11] J. Hu, M. Yang, G. Gompper, and R. G. Winkler. Modelling the mechanics and hydrodynamics of swimming E. coli. Soft
Matter, 11:7867–7876, 2015.
[12] T. C. Adhyapak and H. Stark. Dynamics of a bacterial flagellum under reverse rotation. Soft Matter, 12:5621–5629, 2016.
[13] M. Hintsche, V. Waljor, R. Großmann, M. J. Ku¨hn, K. M. Thormann, F. Peruani, and C. Beta. A polar bundle of flagella
can drive bacterial swimming by pushing, pulling, or coiling around the cell body. Sci. Rep., 7:16771, 2017.
[14] E. E. Riley, D. Das, and E. Lauga. Swimming of peritrichous bacteria is enabled by an elastohydrodynamic instability.
Sci. Rep., 8:10728, 2018.
[15] J. Locsei. Persistence of direction increases the drift velocity of run and tumble chemotaxis. J. Math. Biol., 55:41–60,
2007.
[16] J. T. Locsei and T. J. Pedley. Run and tumble chemotaxis in a shear flow: the effect of temporal comparisons, persistence,
rotational diffusion, and cell shape. Bull. Math. Biol., 71:1089–116, 2009.
[17] K. Drescher, R. E. Goldstein, and I. Tuval. Fidelity of adaptive phototaxis. Proc. Natl. Acad. Sci. U. S. A., 107:11171–6,
2010.
[18] A. Buchmann, L. J. Fauci, K. Leiderman, E. Strawbridge, and L. Zhao. Mixing and pumping by pairs of helices in a
viscous fluid. Phys. Rev. E, 97:023101, 2018.
[19] S. Spagnolie and E. Lauga. Hydrodynamics of self-propulsion near a boundary: predictions and accuracy of far-field
approximations. J. Fluid Mech., 700:105–147, 2012.
[20] P. Denissenko, V. Kantsler, D. J. Smith, and J. Kirkman-Brown. Human spermatozoa migration in microchannels reveals
boundary-following navigation. Proc. Natl. Acad. Sci. U. S. A., 109:8007–10, 2012.
[21] H. Shum and E. A. Gaffney. Hydrodynamic analysis of flagellated bacteria swimming near one and between two no-slip
plane boundaries. Phys. Rev. E, 91:033012, 2015.
[22] S. Bianchi, F. Saglimbeni, and R. Di Leonardo. Holographic Imaging Reveals the Mechanism of Wall Entrapment in
Swimming Bacteria. Phys. Rev. X, 7:011010, 2017.
[23] M. J. Ku¨hn, F. K. Schmidt, B. Eckhardt, and K. M. Thormann. Bacteria exploit a polymorphic instability of the flagellar
filament to escape from traps. Proc. Natl. Acad. Sci., 114:6340–6345, 2017.
21
[24] F. Ullrich, F. Qiu, J. Pokki, T. Huang, S. Pane, and B. J. Nelson. Swimming characteristics of helical microrobots in
fibrous environments. In 2016 6th IEEE Int. Conf. Biomed. Robot. Biomechatronics, pages 470–475. IEEE, 2016.
[25] A. K. Balin, A. Zo¨ttl, J. M. Yeomans, and T. N. Shendruk. Biopolymer dynamics driven by helical flagella. Phys. Rev.
Fluids, 2:113102, 2017.
[26] A. Zo¨ttl and J. M. Yeomans. Enhanced bacterial swimming speeds in macromolecular polymer solutions. arXiv: 1710.03505,
2017.
[27] N. Ho, K. Leiderman, and S. Olson. A 3-dimensional model of flagellar swimming in a Brinkman fluid. arXiv: 1804.06271,
2018.
[28] G. Lumay, N. Obara, F. Weyer, and N. Vandewalle. Self-assembled magnetocapillary swimmers. Soft Matter, 9:2420–2425,
2013.
[29] G. Grosjean, G. Lagubeau, A. Darras, M. Hubert, G. Lumay, and N. Vandewalle. Remote control of self-assembled
microswimmers. Sci. Rep., 5:16035, 2015.
[30] A. Walther and A. H. E. Mu¨ller. Janus particles. Soft Matter, 4:663–668, 2008.
[31] R. Mangal, K. Nayani, Y.-K. Kim, E. Bukusoglu, U. M. Co´rdova-Figueroa, and N. L. Abbott. Active Janus Particles at
Interfaces of Liquid Crystals. Langmuir, 33:10917–10926, 2017.
[32] L. Zhang, K. E. Peyer, and B. J. Nelson. Artificial bacterial flagella for micromanipulation. Lab Chip, 10:2203–15, 2010.
[33] S. Tottori, L. Zhang, F. Qiu, K. K. Krawczyk, A. Franco-Obrego´n, and B. J. Nelson. Magnetic Helical Micromachines:
Fabrication, Controlled Swimming, and Cargo Transport. Adv. Mater., 24:811–816, 2012.
[34] S. Tottori and B. J. Nelson. Artificial helical microswimmers with mastigoneme-inspired appendages. Biomicrofluidics,
7:061101, 2013.
[35] E. Diller, J. Zhuang, G. Zhan Lum, M. R. Edwards, and M. Sitti. Continuously distributed magnetization profile for
millimeter-scale elastomeric undulatory swimming. Appl. Phys. Lett., 104:174101, 2014.
[36] T. Xu, H. Yu, H. Zhang, C.-I. Vong, and L. Zhang. Morphologies and swimming characteristics of rotating magnetic
swimmers with soft tails at low Reynolds numbers. In 2015 IEEE/RSJ Int. Conf. Intell. Robot. Syst., pages 1385–1390,
Hamburg, Germany, 2015. IEEE.
[37] A. Mourran, H. Zhang, R. Vinokur, and M. Mo¨ller. Soft Microrobots Employing Nonequilibrium Actuation via Plasmonic
Heating. Adv. Mater., 29:1604825, 2017.
[38] H. Sayyaadi and A. Motekallem. A New Propulsion System for Microswimmer Robot and Optimizing Geometrical Pa-
rameters Using PSO Algorithm. Int. J. Marit. Technol., 8:35–45, 2017.
[39] J. Ali, U. K. Cheang, J. D. Martindale, M. Jabbarzadeh, H. C. Fu, and M. Jun Kim. Bacteria-inspired nanorobots with
flagellar polymorphic transformations and bundling. Sci. Rep., 7:14098, 2017.
[40] J. W. Shaevitz, J. Y. Lee, and D. A. Fletcher. Spiroplasma swim by a processive change in body helicity. Cell, 122:941–5,
2005.
[41] C. R. Calladine. Change of waveform in bacterial flagella: The role of mechanics at the molecular level. J. Mol. Biol.,
118:457–479, 1978.
[42] C.R. Calladine, B.F. Luisi, and J.V. Pratap. A Mechanistic Explanation of the Multiple Helical Forms Adopted by Bacterial
Flagellar Filaments. J. Mol. Biol., 425:914–928, 2013.
[43] H. Wada and R. R. Netz. Discrete elastic model for stretching-induced flagellar polymorphs. EPL, 82:28001, 2008.
[44] R. Vogel and H. Stark. Force-extension curves of bacterial flagella. Eur. Phys. J. E, 33:259–271, 2010.
[45] W. Ko, S. Lim, W. Lee, Y. Kim, H. C. Berg, and C. S. Peskin. Modeling polymorphic transformation of rotating bacterial
flagella in a viscous fluid. Phys. Rev. E, 95:063106, 2017.
[46] H. Berg. Random walks in biology. Princeton University Press, Princeton, N.J, 1983.
[47] G. Rosser, R. E. Baker, J. P. Armitage, and A. G. Fletcher. Modelling and analysis of bacterial tracks suggest an active
reorientation mechanism in Rhodobacter sphaeroides. J. R. Soc. Interface, 11:20140320, 2014.
[48] S. F. Goldstein and N. W. Charon. Multiple-exposure photographic analysis of a motile spirochete. Proc. Natl. Acad. Sci.
U. S. A., 87:4895–9, 1990.
22
[49] C. Li, Md. A. Motaleb, M. Sal, S. F. Goldstein, and N. W. Charon. Spirochete periplasmic flagella and motility. J. Mol.
Microbiol. Biotechnol., 2:345–54, 2000.
[50] L. Koens and E. Lauga. The passive diffusion of Leptospira interrogans. Phys. Biol., 11:066008, 2014.
[51] W. Kan and C. W. Wolgemuth. The shape and dynamics of the Leptospiraceae. Biophys. J., 93:54–61, 2007.
[52] S. Jung, K. Mareck, L. Fauci, and M. Shelley. Rotational dynamics of a superhelix towed in a Stokes fluid. Phys. Fluids,
19:103105, 2007.
[53] C. Dombrowski, W. Kan, A. Motaleb, N. W. Charon, R. E. Goldstein, and C. W. Wolgemuth. The elastic basis for the
shape of Borrelia burgdorferi. Biophys. J., 96:4409–17, 2009.
[54] H. Wada and R. R. Netz. Model for Self-Propulsive Helical Filaments: Kink-Pair Propagation. Phys. Rev. Lett., 99:108102,
2007.
[55] J. Yang, C. Wolgemuth, and G. Huber. Kinematics of the Swimming of Spiroplasma. Phys. Rev. Lett., 102:218102, 2009.
[56] H. Zhang, A. Mourran, and M. Mo¨ller. Dynamic Switching of Helical Microgel Ribbons. Nano Lett., 17:2010–2014, 2017.
[57] J. Gray and G. J. Hancock. The Propulsion of Sea-Urchin Spermatozoa. J. Exp. Biol., 32:802–814, 1955.
[58] J. Lighthill. Flagellar Hydrodynamics: The John von Neumann Lecture, 1975. SIAM Rev., 18:pp. 161–230, 1976.
[59] J. B. Keller and S. I. Rubinow. Slender-body theory for slow viscous flow. J. Fluid Mech., 75:705–714, 1976.
[60] R. E. Johnson. An improved slender-body theory for Stokes flow. J. Fluid Mech., 99:411–431, 1979.
[61] L. Koens and E. Lauga. Slender-ribbon theory. Phys. Fluids, 28:013101, 2016.
[62] T. D. Montenegro-Johnson, L. Koens, and E. Lauga. Microscale flow dynamics of ribbons and sheets. Soft Matter,
13:546–553, 2017.
[63] G. I. Taylor. Low Reynolds number Flow. In National Committee for Fluid Mechanics Films. Available at http://web.
mit.edu/hml/ncfmf.html, 1967.
[64] S. Kim and S. J. Karrila. Microhydrodynamics: Principles and Selected Applications. Courier Corporation, Boston,, 2005.
[65] L. Koens and E. Lauga. Rotation of slender swimmers in isotropic-drag media. Phys. Rev. E, 93:043125, 2016.
[66] A. DeSimone and A. Tatone. Crawling motility through the analysis of model locomotors: Two case studies. Eur. Phys.
J. E, 35:85, 2012.
[67] R. L. Hatton and H. Choset. Nonconservativity and noncommutativity in locomotion. Eur. Phys. J. Spec. Top., 224:3141–
3174, 2015.
[68] G. Cicconofri and A. DeSimone. Motion planning and motility maps for flagellar microswimmers. Eur. Phys. J. E, 39:72,
2016.
[69] R. L. Hatton, T. Dear, and H. Choset. Kinematic Cartography and the Efficiency of Viscous Swimming. IEEE Trans.
Robot., 33:523–535, 2017.
[70] S. Ramasamy and R. L. Hatton. Geometric gait optimization beyond two dimensions. In 2017 Am. Control Conf., pages
642–648. IEEE, 2017.
[71] A. Berke, L. Turner, H. Berg, and E. Lauga. Hydrodynamic Attraction of Swimming Microorganisms by Surfaces. Phys.
Rev. Lett., 101:038102, 2008.
[72] E. Barta and N. Liron. Slender Body Interactions for Low Reynolds numbersPart I: Body-Wall Interactions. SIAM J.
Appl. Math., 48:992–1008, 1988.
[73] H. Shum, E. Gaffney, and D. Smith. Modelling bacterial behaviour close to a no-slip plane boundary: the influence of
bacterial geometry. Proc. R. Soc. A Math. Phys. Eng. Sci., 466:1725–1748, 2010.
[74] J. Elgeti, U. B. Kaupp, and G. Gompper. Hydrodynamics of Sperm Cells near Surfaces. Biophys. J., 99:1018–1026, 2010.
[75] H. Shum and E. A. Gaffney. Hydrodynamic analysis of flagellated bacteria swimming in corners of rectangular channels.
Phys. Rev. E, 92:063016, 2015.
[76] C. Brennen and H. Winet. Fluid Mechanics of Propulsion by Cilia and Flagella. Annu. Rev. Fluid Mech., 9:339–398, 1977.
[77] R. Cardinaels and H. A. Stone. Lubrication analysis of interacting rigid cylindrical particles in confined shear flow. Phys.
Fluids, 27:072001, 2015.
